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Abstract. We prove a Miyadera-Voigt type perturbation theorem for strong 
Feller semigroups. Using this result, we prove well-posedness of the semilinear 
stochastic equation 

dX(t) = [AX(t) + F(X(t))]dt + GdW H {t) 

on a separable Banach space E, assuming that F is bounded and measur- 
able and that the associated linear equation, i.e. the equation with F = 0, is 
well-posed and its transition semigroup is strongly Feller and satisfies an appro- 
priate gradient estimate. We also study existence and uniqueness of invariant 
measures for the associated transition semigroup. 



1. Introduction 

In this article we study the semilinear stochastic equation 

(1.1) dX(t) = [AX(t) + F{X{t))]dt + GdW H (t) 

on a real, separable Banach space E. Here A generates a strongly continuous 
semigroup S on E, F is a bounded measurable map from E to E and G £ ^(H, E). 
In fact, we shall consider a more general situation and allow that G maps H into a 
larger Banach space E. The driving process Wjj is an ii-cylindrical Wiener process. 
In order to stress the dependence on the coefficients, we will refer to equation 
as equation [A, F, G] . 

We note that since F is merely assumed to be measurable, the notions of existence 
and uniqueness of solutions to have to be understood in a weak sense. If for 
every initial datum x £ E there exists a unique solution to (|1.1[) . then we say that 
the equation is well-posed. We will make this notion precise in Section 01 

In the case where E is itself a Hilbert space, equation (jl.l|) has been studied by 
several authors. In the case where S is compact and G is of trace class, existence 
of solutions to (jl.ip has been proved by Gatarek and Goldys [T2] for continuous 
F. Afterwards, [TT], they also proved uniqueness of solutions, assuming the strong 
Feller property and a suitable gradient estimate for the transition group S? ou of 
equation [A, 0, G\. 

Chojnowska-Michalik and Goldys [4] extended these results, dropping the as- 
sumption that G is of trace class and allowing weakly continuous functions F. 

In this article, we generalize these results to general Banach spaces E and arbi- 
trary bounded, measurable functions F. In our main result below, Eq ± refers to the 
Cameron-Martin space of a Gaussian measure \it which appears in the transition 
semigroup £7~ oll of equation [A,0, G}; we recall the definition and further properties 
of Hq t in Section [3] 
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Theorem 1.1. Let E be a real, separable Banach space and H be a separable 
Hilbert space, A be the generator of a strongly continuous semigroup S on E and 
G € £?{H, E). Moreover, let E be a real, separable Banach space with D(A) C E C 
E with continuous and dense embeddings. 

We assume that equation [A, 0, G] is well-posed on E and that for every t > we 
have S(t)E C Hg t with 

(1-2) / \\S(t)\\se( E ,H Qt )dt<°° 

JO 

for all T > 0. Finally, we assume that S(t) £ I£(E, E) for all t > 0, that for x G E 
the E-valued map t i— > S(t)x is continuous on (0, oo) and that for all T > we have 

(1.3) £ \\S(t)\\% {I3 E) dt<^. 

Then, for every bounded, measurable F : E — > £7, equation [A, F, G] is well- 
posed. Furthermore, the associated transition semigroup 5? is strongly Feller and 
irreducible. 

The estimate (|1.2j) implies that 3? ou is strongly Feller and satisfies a gradient 
estimate. This is the natural generalization of the assumptions made in |11[ [1] to 
our more general setting. On the other hand, estimate (11.3[) is used in constructing 
solutions of equation [A, F, G] from solutions of the associated local martingale 
problem. 

These assumptions are satisfied in many important situations, in particular for 
the one-dimensional heat equation with space-time white noise. Examples are pre- 
sented in Section [6] 

We note that the assertion of existence of solutions for equation (|1.1|) for bounded, 
measurable F appears to be new, even in the Hilbert space case. This is due to the 
fact that G is not assumed to be invertible and hence we cannot invoke Girsanov's 
theorem to infer the existence of solutions. 

Consequently, there is, up to now, no systematic treatment of stochastic equa- 
tions with arbitrary bounded, measurable drift. However, in the case where E is a 
Hilbert space, there are several articles about equations with measurable drift un- 
der additional assumptions, typically a monotonicity assumption. Let us mention 
Da Prato and Rockner [6 , where the authors construct solutions as follows. First, 
they prove well-posedness of the associated Kolmogorov equation on a suitable L 2 - 
space and then show that the associated semigroup is strongly Feller. Then they 
construct from these transition probabilities a Markov process in a canonical way 
which subsequently is shown to have a continuous modification. 

A different approach is taken by Bogachev, Da Prato and Rockner in [1] [2], 
where uniqueness of solutions is proven by establishing uniqueness for the associated 
Fokker-Planck equation, rather than for the Kolmogorov equation. Existence of 
solutions is derived from Girsanov's Theorem in the case where G is invertible but 
an existence result is missing in the general case. 

Finally, let us mention the recent article by Da Prato, Flandoli, Priola and 
Rockner [5] where the authors, exploiting again Girsanov's theorem, establish path- 
wise uniqueness (rather than uniqueness in law) for equations with space-time white 
noise and bounded measurable drift. 

The results obtained in this article can also be used to establish existence and 
uniqueness for equations with unbounded measurable drift under additional as- 
sumptions. This will be done elsewhere. 

Let us now describe our strategy for the proof of Theorem II A\ this will also give 
an overview of this article. 
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Our main tool for the proof is a perturbation result (Theorem I3.3|) for strong 
Feller semigroups which may be of independent interest. This result is proved in 
Section [3] and is similar to a perturbation theorem for bi-continuous semigroups 
due to Farkas [10] . The main novelty is that we do not perturb a semigroup on 
Cb(E), the space of bounded, continuous functions on E, but on Bb(E), the space 
of bounded measurable functions on E. Since the orbits of a bounded measurable 
function under a transition semigroup in general have no better regularity than 
some weak measurability, the proof of the perturbation result will be based on 
integration theory on norming dual pairs [21] , Working on Bb(E) instead of Cb(E) 
has two advantages: (i) we can allow perturbations taking values in Bb(E) and (ii) 
we prove the strong Feller property of the perturbed semigroup along the way. 

This perturbation result gives us a candidate for the transition semigroup 
associated to equation [A, F, G). 

The actual proof of Theorem 11.11 will be given in Section H) We first prove 
(Theorem I4.5|) that the distribution of a solution to (jl.l[) is uniquely determined 
by the perturbed semigroup & and the initial distribution of the solution. Thus 
uniqueness in law holds for (jl.ip . Using that we know in advance the only possible 
transition semigroup for the equation, we prove in Theorem 14. 61 that well-posedness 
of [A, F, G] is stable under taking bounded and pointwise limits in F. This allows 
us to finish the proof of Theorem 11.11 through a monotone class type argument. 



Throughout, (M, d) is a complete, separable metric space. Its Borel cr-algebra 
is denoted by 3§(M) and the spaces of scalar-valued Borel-measurablc, bounded 
Borel-measurable, continuous and bounded continuous functions are denoted by 
B(M),Bb(M),C(M) and Cb(M) respectively. M{M) refers to the space of complex 
measures on (M, £$(M)) and V(M) to the subset of all probability measures. The 
symbol || • [[ denotes the supremum norm and || • || TV the total variation norm. 

If X and Y are a Banach space, we write Jz?(X, Y) for the bounded linear op- 
erators from X to Y. In the case X — Y we write ^£{X) shorthand for Jz?(X, X). 
If r is a locally convex topology on X, then we write Jz?(A, r) for the algebra of 
r-continuous linear operators on X. 

2.1. Kernel operators. A kernel on (M, S${M)) is a map k : M x SS{M) -4 C 
such that 

(1) k(; A) is ^(M)-measurable for all A G S8(M)\ 

(2) k(x, •) € M(M) for all x G M\ 

(3) sup xeM ||fc(x,-)|| T v < oo. 

If k(x, •) G V(M) for all x £ M, then k is called a Markovian kernel. 

Given a kernel k on (M, &(M)), we can define a bounded linear operator S? on 



An arbitrary operator & G «5f \Bb{M)) is called kernel operator if it is given in this 
way for some kernel k. In this case, k is uniquely determined by ^ and called the 
associated kernel. 

It is well-known that G Ji?(Bb(M)) is a kernel operator if and only if 8t "f n 
converges pointwise to 2? f whenever (/„) C Bb(M) is a bounded sequence which 
converges pointwise to / S Bb(E). Yet another characterization of kernel operators 
can be given using the weak topology a := a(B b (M), M{M)). & G J£(B b {M)) 
is a kernel operator if and only if ST G J*f(Bb(M),a), see [2ll Proposition 3.5]. 
Moreover, Jf(Bb(M),a) C _S?(.B&(M)), i.e. a er-continuous operator is necessarily 
bounded. Note that a sequence (/„) c Bb(M) converges to / with respect to a 



2. Preliminaries 



B b (M) by 



(2.1) 
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if and only if the sequence is bounded and converges pointwise. We write — v to 
indicate convergence with respect to a . 

For ST G 3f(B b (M),a) we denote its cr-adjoint by ST' . We note that ST' is the 
restriction of the norm adjoint ST* to M.(M)\ in fact, an operator S? G Jif(B b (M)) 
is a kernel operator if and only if its norm adjoint leaves A4(M) invariant. We also 
note that 3T' is an element of J*f (.M(M)) and we have 



JM 

where k is the kernel associated with ST . 

A kernel operator £7" is called Markovian if its associated kernel is Markovian; it 
is called a strong Feller operator if &B b (M) C C b (M). 

2.2. Very weak integration. Simple examples show that for integration of B b (M) 
or (M)-valued functions, the notion of Bochner integrability and even that of 
Pettis integrability is often too strong. We will therefore use a weak notion of 
integrability studied in |21) . 

A norming dual pair is a pair (X, Y) where A is a Banach space and Y is a norm- 
closed subspace of the dual A* which is norming for X, i.e. ||a;|| = sup{| (x, y)\ : y G 
Y , \\y\\ < 1}. We are interested in the situations where A = B b (M) oi X — C b {M) 
and Y = M(M) and in the situation where A = M{M) and Y = B b (M). 

Now let (S, S^, m) be a c-finite measure space. A function $ : S — > X is called 
scalarly Y -measurable (scalarly Y -integrable) if is measurable (integrablc) for 

all y G Y. The function $ is called Y"-integrable if for all A G 5? there exists an 
element xa G A such that 



In this case, J A $(s) dm(s) := xa is called the Y -integral of $ over A. 

If (X,Y) = (C b (M),M(M)) or (A, Y) = (M(M),B b (M)), then every scalarly 
Y- measurable function $ such that ||$|| is majorized by a function in i 1 (S', dm) is 
Y- integrable, cf. [211 Section 6]. 

2.3. Strong Feller semigroups. 

Definition 2.1. A family 2f := (&(t))t>o C ^f(B b (M),a) is called strong Feller 
semigroup if 

(1) &(0) = J and &(t + s) = &(t)&{s) for all s,t > 0; 

(2) For every i > 0, =^"(t) is a strong Feller operator; 

(3) For all / G C b (M) we have &{t)f f as t\. 0. 

^ is called Markovian if is Markovian for alii > 0. A Markovian strong Feller 
semigroup is called irreducible if ^(i)!^!) > for all x G M, t > and {/ C M 
open. 

By [2TJ Lemma 5.9], assumptions (1) and (3) in the definition imply that 2T 
is exponentially bounded, i.e. there exist constants C > 1 and u; G K such that 
< Ce ut for all t > 0; we will say that ST is of type (C,lu). 

Given exponential boundedness, (3) is equivalent to 3~{t)f — > f pointwise as 
t 4- 0, i.e. 3~ is stochastically continuous. This assumption excludes pathological 
examples such as =^"(0) = / and 3T(t) = for all t > 0. 

By the results of [23 Section 6], ^ is an integrable semigroup. This means that 
there exists a family ffl = {&{\))r c \ >lu C Jf(B b (M),a) such that 






OO 




for all / G B b (M), fi G A4(M) and A G C with ReA > w. 
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Note that this is equivalent to the statement that M(X)f is the A4(M)-integral of 
e _A over (0,oo) and M{X)' \i is the B fc (M)-integral of e _A '^(-)'/x over (0,oo). 

S% is called the Laplace transform of & . It was proved in |21j that 3& is always 
a pseudo-resolvent, i.e. for Ai, A2 with ReAi, ReA2 > ui we have 

(Ax - A 2 )^(A 2 )^(Ai) = M{\ 2 ) - *(Ai) . 

It follows that there exists a unique multi-valued operator if C Bb(M) x Bb(M) 
such that ^(A) = (A - if)" 1 for all ReA > lo, see (T5J Proposition A.2.4]. This 
equation is understood in the graph-sense, i.e. 

{(/,«(A)/) : / £ = {(/,<?) : (<?, A3 - /) e if} . 

For more information on pseudo-resolvents and multi-valued operators we refer to 
[151 Appendix A]. 

The operator if will be called the full generator of By [21] Proposition 
5.7], (/, g) S if if and only if J Q £?(s)gds = S?(t)f — f, where the integral is an 
Ai(M )-integral. It follows that if is the full generator in the sense of [9]. 

We should mention that, in general, the operator if is indeed multivalued. How- 
ever, restricting the semigroup to Cft(M), we can associate a single valued generator 
with 2T\c h (M)" I n the language of norming dual pairs, we replace (Bb(M), A4(M )) 
by (Cb(M), A4(M)). It is easy to see that the generator of &\c h (M)i defined as above 
via the Laplace transform, is exactly the part J£\c b (M) := if H (C&(M) x C&(M)) 
of if in Cft(M). Since =^*|c 6 (M) i s ^-continuous at 0, it follows from [TH1 Theorem 
2.10] that -£?|c 6 (M) i s single-valued and sequentially a-densely defined in C&(M); 
furthermore, if |c;,(M) i s exactly the derivative with respect to a of at 0. 

We will also need some properties of the generator of 5P . As we have noted above, 
the Laplace transform of 2? 1 is . It is not hard to see that S%' is the resolvent 
of if', the cr-adjoint of if. Since 9~' is a(M(M), C fc (M) )-continuous at 0, it fol- 
lows similarly as above that if' is single- valued and sequentially cr(A4(M), Cb(M)) 
densely defined. 

2.4. Cores. Of particular importance for us will be the concept of a core of the 
full generator. In our case, there are some subtleties due to the fact that we deal 
with multi- valued operators. 

Definition 2.2. Let J be a strong Feller semigroup with full generator if. A 
subset @ of if is called a core for if if = if. 

We now extend a well-known result from the theory of strongly continuous semi- 
groups to our more general setting. 

We note that if D C D(if) is a subspacc of Bb(M) which is invariant under 
the semigroup £? ', then ^ leaves the norm closure D invariant. Furthermore, 
is strongly continuous. This is an easy consequence of the fact that t i-> S?(t)f is 
|| • I loo-continuous for all / 6 D(if), see [HI Remark 2.5]. If L denotes the generator 
of 5%, then (/, Lf) e if for all / e D(L). 

Proposition 2.3. Let 2? be a strong Feller semigroup with full generator if and D 
be a subspace of -D(if) which is a-dense in Bb{M) and invariant under ST. Then 
*2s := {(/,£/) : / G £>}, with L as above, is a core for if. 

Proof. Suppose that there is some (/o, go) G if which does not belong to the a x a- 
closure of 2) . By the Hahn-Banach theorem, applied in the locally convex space 
(B b (M) x Bb(M),a x a), there exists (fi,u) £ M(M) x X(M) such that 

(2.2) = (f,li) + (Lf,v) VfED 

(2.3) ± (/o,M) + (9o,^>. 
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Since ZTD C -D, equation (j2T2"j) yields for / G D and t > 

(£r(t)f,») = -{L3r(t)f,v}. 

Multiplying with e~ A * for A large enough and integrating over (0, oo), it follows that 

(R(X, L)f, n) = - (LR(X, L)f, v) = - (XR(X, L)f - f,v) , 

where R(X, L) is the resolvent of L. Since R(X, L) — £$(X)\jj, we have 

(^(A)/,/i) = (/-A^(A)/, v) 

for all / G D. By the cr-density of D and the c-continuity of M(X), this equality 
remains valid for arbitrary / 6 B b (M). 

Now observe that &(X)(Xf —g ) = f . Using the above equation for / = Xf —g , 
we obtain (/o,/j) = {go,v) — a contradiction to (|2.3[) . □ 

3. Perturbation of Strong Feller semigroups 

In our perturbation theorem, we will make the following assumptions: 

Hypothesis 3.1. Let 3" — {3(t)) t >o be a strong Feller semigroup with full generator 
Jz? . We assume that 3 is of type (C, uS) and denote the Laplace transform of 3 by 
= (^(A))r a>w Furthermore, let B : D{B) — > B b (M) be a linear operator with 
D(Jzf) C D(B), enjoying the following properties 

(1) BM{X) G 5?(B b (M),a) for one (equivalently, all) ReA > w; 

(2) for every t > the map B3(t), initially defined on D(_Sf), has a (neces- 
sarily unique) extension to an operator in _Sf (Bb(M), a); by slight abuse of 
notation, we will denote this extension still by B3?(t); 

(3) s i-> B3(s)f is scalarly X(M)-measurable for all / G B b (M); 

(4) There is a function 93 G Ljo C ([0, 00) such that ||S^"(s)|| < ip(s) for all s > 0. 

Remark 3.2. Requirement (1) is equivalent to the statement that if (/en <?a) is a net 
in Jz? such that f a — /, <? Q — 9i then — Bf. 

Theorem 3.3. Assume Hypothesis \3.1l Then Jz? + B is the full generator of a 
strong Feller semigroup — (^(£))t>o which satisfies the integral equation 

(3.1) 5»(t)/ = 3{t)f + [ 9{t- s)B3(s)f ds f G B b (M) . 

Jo 

Here the integral is understood as a Ai(M) -integral. 

Example 3.4. (Adding a potential term) 

If 3? is a strong Feller semigroup and B G Jf(Bb(M),cr), then ^ together with 
B satisfies Hypothesis 13.11 Indeed, B3(s), BM(X) G _S? (Bb(M), a) as composition 
of two kernel operators. Since (B 3 (s) f , /j.) = (3 (s) , B' fi) , the scalar .M(M)- 
measurability of s K BT(s)f follows from that of s K T(s)f. Condition (4) in 
Hypothesis 13. II follows from the boundedness of B and the exponential boundedness 
of &. 

As an example for B, let V G B b (M) and put Bf(x) = V(x)f(x). Then B G 
L(B b (M),a) as it is associated with the kernel k, given by k(x,-) = V(x)S x (-), 
where 5 X is the Dirac measure in x. 

3.1. Proof of the perturbation theorem. Similar to the perturbation result 
of [TU], and also similar to the proof of the classical Miyadera-Voigt perturbation 
theorem, the proof of Theorem [331 depends on a fixed point argument. We begin by 
introducing a Banach space X and an operator 23 : X — !• X such that the perturbed 
semigroup 2? is given as a fixed point of 03. 

Definition 3.5. Let 3 be a strong Feller semigroup with full generator Jzf and 
t > 0. We define X([0,t]) as the space of all functions & : [0,t] ->• ^?(B b (M),a) 
such that 
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(1) sup se[M] ||^(s)|| < oo; 

(2) ,^{s) is a strong Feller operator for all s £ (0, t]; 

(3) for every fi £ D{J£') the map [0,t] 3si-> &{s)' n is right-continuous in the 
total variation norm. 

Using that the limit of strong Feller operators in the operator norm is again a 
strong Feller operator, it is easy to see that X([0, t]) is a Banach space for the norm 
|| • \\ x defined by := sup s£[0>t] \\&{s)\\ L{Bb{E ))- 

Under Hypothesis 13. 1[ we define for & £ £([0,f]) 

(3.2) [9J t ^](«)/:= / &(8-r)B&(r)fdr, f £ B h {E) , « G [0,t] , 
Jo 

where the integral is understood as a A4(M)-integral. The proof that this integral 
exists is part of the following 

Lemma 3.6. Under Hypothesis \3.1\ 2J t defines a bounded linear operator from 
£([0, i]) in£o itself with ||2Jt|| < f <p(s)ds. 

Proof. We first prove that for ^ G X([0, *]), / e B b (E) and s G [0, t] the integral in 
(13. 2p exists as an jVl (M)-integral. 

Let ju G £>(Jz?')- Then r h-> {&{s - r)B&(r)f,n) is measurable. To see this, 
observe that since r i— > <^(r)'fi is right-continuous with respect to the total variation 
norm, it is strongly measurable. Hence, there exists a sequence ($fc)fcgN of simple 
functions, say $k(r) = Y^jLi ^-A jk {r)^jk, which converges to JP(s — pointwise 
in the total variation norm. By (3) in Hypothesis 13. 1[ (B3?(r), Vjk) is a measurable 
function of r for all k £ N and j = 1, ...,n&. Since $j. converges in norm to 
&{s - ■)'(!, it follows that for r £ (0, s) 

(<?(s - r)BP(r)f, M ) = Jim ]T 1a„ (r)(fl^(r), u jk ) , 

3'=1 

proving the claimed measurability. 

Now let |U G X(M) be arbitrary. By the sequential a(M(M), C b (M) )-density of 
D(Jzf' ), there exists a sequence c D(Jf') which converges to /z with respect to 
a(M(M),Cb(M)). Note that since ^"(r) is a strong Feller operator for r £ (0,t], 
we have F(s - r)BT(r)f £ C b {E) for all r G [0, s). Consequently, 

(&(s - r)BSr( r )f, n) = lim {&{s - r)B&(r)f, fi n ) Vr G [0, s) . 

n—>oo 

This proves that r i-> J?(s — r)B3?(r)f is scalarly .M(M)-measurable. 

Next observe that ||J?(s - r)S^(r)/||oo < v?(r)ll/ll°°||^"||x- The results of 
[21] imply that the C 6 (M)-valued function &{a - -)B&(-)f is M(M)-integrable; 
in particular, its integral over (0, s) defines an element of C b (M). Furthermore, 
||2Jt|| < sup sS ( >t j Jq ^(r) dr = J Q ^(r) <ir as claimed follows once we prove that QJt 
maps £([0, t]) into itself. 

It remains to prove that %} t & £ £([0, t]) for all ^ G £([0, *]). 

By the above, / n> [QJ t J?](s)/ defines a bounded linear operator from B b (M) 
to C b (M). Let /„ -s- /. Since BS(r),&{s - r) £ £>{B b (M),a), the dominated 
convergence theorem yields for x £ M 

([Wt&\(8)f n )(x) = f (^(s~r)B^(r)f n ,5 x )dr 
Jo 

-> / (&(s-r)B&(r)f > 5 x )dr=([<U t &}(s)f)(x). 
Jo 

This shows that [ < S t F](s) is sequentially a-continuous and hence a kernel operator. 
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Finally, let < s 1 < s 2 < t and / G B b (E),fi £ D(^f') be given. We have 
\([Z!t&](s2)f-[Wt&}(si)f,ri\ 
< I 2 \(&(s 2 -r)B&(r)f,n)\dr 



si 



{B£T(r)f dr, &{s 2 - r) ' fi - &(s t - r)' fi) dr 
^WII/IUIlMllTvdr 

si 

+ II/IU / \(r)\\&{s 2 -r) l i-&{s 1 -r)ti\\Tvdr. 
Jo 

Taking the supremum over / G B b (E) with ||/|| < 1, we find 

m t ^}(s 2 yfi-[^}(siy^hv<uhv\mx 

Jsi 

+ I <p(r) \\&(s 2 - r)n - &{s x - r) M || TV dr . 



Clearly, ip(r) dr — > as s% I Since /i € D(JZ"), the function is right- 

continuous in the total variation norm. Thus the integrand in the second integral 
converges pointwise to 0. By dominated convergence, also this second integral 
converges to and it follows that s h- > [Q3tJ^"](s)'/i is right-continuous in the total 
variation norm for fi £ D(J£"). □ 

From the norm estimate ||2?t|| < J f{r) dr, we immediately obtain: 

Corollary 3.7. 9J t converges to in the operator norm. In particular, 1 G p(9J() 
for t small enough. 

We now study the interaction of B with the Laplace transform = (^(A))r a>w 

Lemma 3.8. Assume Hypothesis 1 3. 1\ Then 
(1) For ReA > max{w,0}, we have 



(3.3) 



/>OG 

BM{X)f= / e- xt B,7{t)fdt f£B b (M). 
Jo 



where the integral exists as a Ai(M) -integral. 

(2) For ReA large enough, \\B^(\)\\ < 1. 

(3) For ReA large enough, A G p{J£ + B) and 

(3.4) (A - Jzf - B)- 1 = ^(A)(7 - B^(A))- 1 . 

Proo/. (1) Let e > and ReA > max{w,0}. Then B.^{s)M{X) £ ^(B b (M),a) as 
composition of the kernel operators B^(e) and M(X). Furthermore, since BSfie) £ 
J?(B b (M),a), 

B2r{ E )m{\)f =B£T(e) / e- xt J r (t)fdt= / e' xt BST(t + e)f ds 
Jo Jo 

e X£ e^ Xs BST{s)f ds. 

We note that l( e ,oo) (s)e Xe e~ Xs B^(s)f converges in norm to e~ Xs B3?(s)f as e —> 0, 
for all s > 0. Furthermore, with ci := max{e RcA , 1}, we have 

Ms,oo)\\e Xe e~ Xs B,?(s)f\\ < Cl e- RcAs • [l (0jl) ( a )p(*) +^(l)Ce"( s - 1 >] ■ [[/[[„, 
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for e e (0,1), and the function on the right-hand side is integrable on (0,oo). It 
follows from dominated convergence, cf. [3TJ Lemma 4.7], that s \-¥ e~ Xs B3?(s)f is 
A4 (M)-integrable on (0, oo) and 

/>00 POO 

lim / e Xs e- Xs B3T{s)f ds = / e~ Xs B3T(s)f ds 

e ^°Je Jo 

in norm. Noting that if IcMAf) is single- valued, we put / = (A — if \c t (M))&Wf £ 
C b (M). Then 

ST{e)M{X)f = &(e)&(\)f = *(A)^(e)/ ->■ #(A)/ = #(A)/ , 
as e — > 0. Using (1) of Hypothesis 13. 1[ (1) follows. 

(2) Let 5 > and ReA > max{w, 0}. Then, for t > 0, we have 

||e- At i?^(i)|| < l(o,*)(*M*) + l [5 ,oo)C<^(5)e- ReAi e"(*- 5 ) . 
By the representation from (1), we find 

\\Ba(\)\\< p{t)dt + Ce- RcX5 V {S) e (uj ~ RcX)t dt . 
Jo Jo 

Given e > 0, we see that ||B^(A)|| < e if we first choose 6 small enough such that 
(p(t) dt < e/2 and then ReA large enough, such that the second term is also less 
than e/2. 

(3) For ReA > cj we have 

A-if-B = (I- B&{\)){\ - if) . 

Indeed, since I — B&{X) is a bounded operator, both sides have the same domain. 
Now let / e I>(jSf). If g G (A - if - B)f, then there exists /» 6 (A - if)/ with 
g = h- Bf. We note that h € (A — if)/ iff ^(A)/i = /. It follows that 

<? = /i - B/ = (J - BM{X))h G (J - BM{\)){\ - if)/ . 

Conversely, assume that .g G {I—B&(A)){X—J£)f. Then there exists ft G (A— if)/, 
i.e. #(A)ft = /, with g = (I- BM{X)h = h-Bf. Thus 5 e (A - if - £)/. 

If we choose ReA large enough such that |jB^(A)|| < 1, then I - BM(X) is 
invertible in 3f(B b (M),a) and (O follows. □ 

Proof of Theorem \3.S[ First note that for every to > we have & G 3£([0,to]). 
Indeed, conditions (1) and (2) in Definition 13.51 are obvious and (3) holds since 
t i-> &(t)'fi is || • 1 1 TV-continuous for /i G D(if'), cf. [T9l Remark 2.5]. Now pick 
t > such that 1 G p(%Jt ). For < t = fci + ti, where fc G N and ii G [0, t ), we 
define 

£»(t) := ([i?(l,9J to )^| [0 , to] ](io)) fe [i?(l,2J to )^l[o, to ]](ii)- 

By the definition of £([0,* ]) we have ^ := (^(t)) t > C J£(B b {E), a) and 
has the strong Feller property for alH > 0. We also note that (|3.1[) is satisfied for 
t < t . By Corollary 13.71 we have [Q3 to ^](i) — > in the operator norm as t 1 0. 
Hence, by equation p.ll) . ^{t)f — f as 1 1 0. 

The proof that ^ is a semigroup and satisfies (|3.1[) for all t > is basically 
algebraic and follows the lines of the proof in [10] . 

We now identify the full generator of By Lemma T3.81 we may choose Agl 
so large that ||.&S?(A)|| < 1. Let us denote the generator of & by i.e. y is 
the unique multivalued operator such that (A — i^) _1 = =£?(A) for ReA > u>, where 
(=S(A))r a>w is the Laplace transform of 
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By (|3.ip and Fubini's theorem, 



e' xt (^(t)f + f 0>(t-s)B£r(s)ds)dt 




&Wf+ e ~ Xs B»{r)B&{s)fdrds 



Jo Jo 



M{X)f + 3{X)BM(\)f . 



This implies that 



cS(A) = M{X){I — BM(X)) 



-l 



By Lemma \JM (3), ^ 



□ 



3.2. Continuity properties of the perturbed semigroup. It follows immedi- 
ately from equation (|3.1|l and Corollary 13 . 71 that the perturbed semigroup 2? enjoys 
the same continuity properties at as ^. In many cases, the semigroup 3? is 
known to have better continuity properties than the stochastic continuity assumed 
in Definition 12.11 namely, for every / £ C b (M) we have 3^(t)f — > /, uniformly 
on the compact subsets of M as t I 0, i.e. S?{t)f — > f with respect to r co , the 
compact-open topology. In fact, in virtually all known cases, for / £ C b (M) the 
whole orbit t i— > 3?(t)f is r co -continuous. 

It is thus natural to ask whether in this situation the same is true for the per- 
turbed semigroup 2? . 

Before tackling this question, let us first reformulate the r co -continuity. The strict 
topology f3o(M) (sometimes also called the mixed topology) is defined as follows. 

Let J-o(M) be the space of all scalar- valued functions ip which vanish at infinity, 
i.e. given e > 0, there exists a compact set K such that IVK^) — e f° r au x S 
M \ K. For ip £ Fo^M), the seminorm p^ is defined by p^{f) = l^/lloo- The 
strict topology (3q(M) is the locally convex topology on C b (M) generated by the 
seminorms (pvO^e-^o- 

It is known that on || • Hoc-bounded sets, Po(M) coincides with the compact-open 
topology r co . Hence, in view of exponential boundedness, ??\c b {M) nas Po(M)- 
continuous orbits if and only if it has r co -continuous orbits. Moreover, /3q(M) is the 
strong Mackey topology of the dual pair (C b (M), A4(M)), i.e. (3q is the topology 
of uniform convergence on the a(M.(M) : Cfc(M) )-compact subsets of A4(M). In 
view of Prokhorov's Theorem, f3o(M) is the topology of uniform convergence on the 
tight subsets of M(M). For the proof of these facts we refer to [31], see also [19] 
for further references. 

Proposition 3.9. Let ST be a strong Feller semigroup such that for every f £ 
C b {M) we have &{t)f f with respect p (M) as t X 0. Then t i-J- STifyf is 
/3q(M)- continuous for every f £ C b (M). 

Proof. To begin with, we note that for t > the operator ^(t) is the product of 
two strong Feller operators and hence is ultra- Feller, i.e. the map x i— > k t (x,-) is 
d to || • Hxy-continuous, where kt is the kernel associated with Sfit). This in turn 
is equivalent to saying that 3?(t) maps norm-bounded sets into relatively /3o(M)- 
compact sets. For Markovian operators, the proof of these facts can be found in 
[30] Chapter 1, §5]. The proof generalizes easily to general kernel operators. 

By [19] Proposition 2.12], to prove that t n> ^(i)/ is /?o(M)-continuous for every 
/ £ C b {M), it suffices to prove that for every / £ C b {M) the set {^{tjf : t £ [0, if} 
is relatively countably /?o(M)-compact. Let a sequence (t n ) C [0, 1] be given. If 
(t n ) has a subsequence converging to 0, then i^(i n )/ has the /?o (M )-accumulation 
point /, since &{t)f —> f with respect to f3o(M) by assumption. 

Now suppose that t n > e > for all neN. In this case, we can write 3^(t n )f = 
5 ? {e),9'{t n — e)f . Since {3?(t n — e)f : n £ N} is bounded, it is mapped to a 
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relatively (3 (M)- compact set by the ultra- Feller operator BT(e). Hence also in this 
case 3?{t n )f has a /?o(M)-accumulation point. □ 

Together with Corollary 13.71 we obtain 

Corollary 3.10. Under the assumption and with the notation of Theorem \3.S[ if 
3?\c b (M) h- as Pq{M)- continuous orbits, then so does &\c b (M)- 

3.3. Main application. We now consider the situation of Theorem ll.il Here M 
is the real, separable Banach space E. We use Theorem 13.31 to perturb Ornstein- 
Uhlcnbeck semigroups, i.e. the transition semigroup of equation [A,0,G]. For 
bounded F, we want that the perturbed semigroup is the transition semigroup 
of equation [A,F,G]. Hence, formally, the operator B should be given by 

(3.5) D(B)=C b 1 (E) Bf(x) = (F(x),Df(x)), 

where Df is the Gataux derivative of / and Cl(E) denotes the space of all bounded, 
Gataux-differentiable functions with bounded Gataux derivative. 

We now give sufficient conditions on a strong Feller semigroup i^, not necessarily 
the Ornstein-Uhlenbeck semigroup, such that (,^,B) satisfies Hypothesis 13.11 

Hypothesis 3.11. Let 3? be a strong Feller semigroup with full generator _£f such 
that 

(1) ,9(t)f £ Cl(E) for all / £ B b (E) and t > 0; 

(2) there exists tp e Lj, c ([0,oo)) such that sup xeE \\D&(t)f(x)\\ E * < p(*)ll/IL 
for all / £ B b (E) and t > 0; 

(3) For all x,y £ E, the linear functional / h-> (y , D 3? (t) f (x)) is given by a 
measure n = fi tyXyV £ M(E), i.e. (y , D ST (t) f (x)) = for all / £ B b (E). 

Proposition 3.12. Assume Huvothesis \3.11\ Then 2? together with B, defined by 
(I3.5[) satisfies Huvothesis \3.1\ 

Proof. Let us first show that Bf £ B b (E) whenever / £ C b (E). 

Since (y,Df(x)) = lim/ w0 h~ 1 [f(x + hy) — f(x)], it follows that x i-> Df(x) is 
scalarly E'-measurable whenever / £ C\ (E) . Since F is strongly measurable, there 
exists a sequence of simple functions F n = ~Y^Z\ ^-A kn Xkn converging pointwise to 
F. Hence 

K„ 

Bf(x) = (F(x),Df(x))= lim (F n (x), Df(x)) = hm V l Akn (x)(x nk , Df (x)) 

n—^oc n— >oo L — * 

k=l 

for all x £ E, proving that Bf is measurable as the pointwise limit of measurable 
functions. 

Consequently, B2?{t)f is a well-defined element of B b (E) for all t > and / £ 
B b (E). By Hypothesis EH] (3), if /„ /, then (y , D ST (t) f n (x)) -y (y,D&f(x)) 
for all x,y £ E. Using this with y = F(x), it follows that B£?{t)f n -± B^{t)f. 
This proves that (2) in Hypothesis 13. II is satisfied. 

To prove Hypothesis 13. II (3). it suffices to show that s i— >■ B,^(s)f(x) is measur- 
able for all x £ E. But this follows immediately from the equation 

B^s )f (x) = lim n S )f(* + hF { x))-n S )m 

w w h^o h 
since the functions on the right-hand side are measurable in s. 

Hypothesis 13 . 1 1 (4) follows directly from Hypothesis 13 . 111 (2) and the boundedness 
of F. 

It remains to prove that £>(Jz?) C 01(E) and that Hypothesis 13.11 fl) holds. To 
that end, fix e > 0. Then 

M(X)f = e- Xe ^(e)<%(\)f + f e- xt £?(t)fdt. 
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&{t)f{x + hy) - 3Tf{x) 






h 




hi 



By the above, e Xe B3?(e)M(\) defines an operator in (B^iE) , o) . Concerning the 
second term, we first note that 

(y,D&(t)f(x + sy))ds < <p(t)\\y\\ . 

Hence, by dominated convergence, it follows that e~ xt 3?~(t)f dt E C^{E) and 

(y, D £ e~ xt ^(t)f dt{xj) = £ e- xt (y, Df(t)f(x)) dt . 

Consequently, B e~ xt £?(t)f dt = J Q e e~ xt B3?(t)f dt, and from this representation 
one infers that also B f Q e~ xt S? (t) f dt defines an operator in Jf(Bb(E), a). The 
proof is now complete. □ 

For later use we note that the proof of Proposition 13.121 yields for e > 

(3.6) BM{\)f = e- Xe B^(e)3!{\)f + f e~ xt B£T(t)f dt . 

Jo 

Let us now turn to the Ornstein-Uhlenbeck semigroup. It is well-known that 
if equation [A, 0, G] is well-posed on E, then for every t > the operator Q t S 
£?(E*,E), defined by 

Q t x* := / S(s)GG*S*(s)x*ds \fx* e£* 
Jo 

is the covariance operator of a centered Gaussian measure [i t on (E,B(E)), see 
[28] . Furthermore, the transition semigroup 3~ ou associated with equation [A, 0, G] 
is given by 

Xu(t)f(x) f f(S(t)x + z) d^tiz) = f f{z)dM (s[t)x . Qt) {z) f e B b (E) , 

J E J E 

where J\f( m ,Q) denotes the Gaussian measure with mean m and covariance Q. 

Let us now recall some facts about the reproducing kernel Hilbert space HQ t 
associated to Q t . HQ t is defined as the completion of the range of Q t under the 
inner product [ • , • ]g t , defined by 

[Q t x* , Q t y*] Qt := (Q t x*,y*) x*,y* e E* . 

It is well-known that the identity on the range of Q t extends to a continuous injection 
from Hq ± to E, hence HQ t may be viewed as a subspace of E. We also recall that 
the map (ffi* : Qtx* H> (-,x*) extends to an isometry from B\Q t to L 2 (fi t ). This 
extension is called the Paley- Wiener map. With slight abuse of notation, we denote 
the extension also by cffi* . We will write </>^* instead of (jfl* (h) for h G HQ t . 

It was seen in [2H Corollary 2.4], see also [7J Appendix B] for the Hilbert space 
case, that % u is a strong Feller semigroup if and only if 

S(t)EcH Qt V£>0. 

This condition also has a control theoretic interpretation, cf. [26] ■ We now collect 
some properties of the Ornstein-Uhlenbeck semigroup that will be used in what 
follows. 

Proposition 3.13. Under the assumptions of Theorem ] 1. 1[ 

(1) (4 ||<S'(t)||jSf(_E ,H Qt ) ^ s measurable. 

(2) S(t) is a compact operator from E to E for all t>0. 

(3) £?ou satisfies Huvothesis VS '. 1 1[ 

(4) ^ou is irreducible; 

(5) ^ou\c b (E) has /3()(E)- continuous orbits; 
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Proof. (1) By J23J Theorem 1.4], for t, s > the operator S(s) maps HQ t to HQ t+s 
and \\S(s)\\j?(H Qt ,H Qt+a ) < !■ Consequently, 

\\S(t + s)\\^ [EMQt+s) < \\S{t)\\x(E,H Qt )\\S{s)\\<z {HQt . HQt+s) < \\S(t)\\j? (E<HQt) . 
It follows that t M- ||5 , (i)||^f(_E.if Qt ) is decreasing and hence measurable. 

(2) follows from [221 Proposition 5.7]. 

(3) It follows from [53J Theorem 2.3] that if is a strong Feller semigroup, 
then &(t)f € Cl(E) for all / e S 6 (S), i.e. (1) in Hypothesis ETT] is satisfied. 
Furthermore, for / G Bb(E) and x,y d E we have 

(3/,D^ m (t)f{x))^ f f(S(t)x + z)<j>f (t)y (z)d(i t (z). 

J E 

This yields that (3) in Hypothesis 13.111 is satisfied. From the above equation we 
also obtain that 

\(y,D,%»(t)f(x))\ < \\f\U\<t>%Jv>M = \\f\U\S(t)y\\ HQt . 

Hence, putting ip(t) := \\S(t)\\^E,H Q ) which belongs to L 1 1 oc ([0, oo)) by assump- 
tion, sup x£E \\D% u (t)f(x)\\ < ¥>(*)||/||oo) proving (2) in Hypothesis |3T1] 

(4) Since Hq s C HQ t for < s < t, see [Ml Proposition 1.3], it follows that 
{S(s)x : xG£\0<s<i}c HQ t . Since S is strongly continuous, HQ t is 
norm-dense in E for all t > 0. It is well-known, see [3J Theorem 3.6.1], that 
the support of a Gaussian measure on E is the closure of its reproducing kernel 
Hilbert space in E, shifted by the mean of the measure. Hence, the support of 
Ms(<)i,Q t ) is S(t)x + HQ t — E. Consequently, every open set U C E has positive 
measure with respect to M/s(t)x,Q t ) an d thus, for every x € E and t > we have 
Xu(t)lu(x) = M{S{t)x, Q t )(U) > 0. 

(5) is [U Theorem 6.2]. □ 

In the rest of this article, Jzf ou denotes the full generator of ,% u . By what was 
done so far, J? ou + B generates a strong Feller semigroup & and &\c h (E) has /3q(E)- 
continuous orbits. The semigroup & is our candidate for the transition semigroup 
associated to equation [A, F, G]. 

However, up to now, it is not even clear whether 0* is Markovian, which of course 
is necessary to be a transition semigroup. 

4. Well-posedness 

In order to finish the proof of Theorem 11.11 we have to link the semigroup 2? , 
generated by Jzf ou + B, to the solutions of equation [A, F, G]. This will be done by 
considering the associated (local) martingale problems. 

4.1. Martingale problems. If (M,d) is a complete separable metric space, then 
also C([0, oo); M) is a complete separable metric space for the metric 

oo 

p(x,y):=V2- fe sup [l A d(x(t), y(t))] 
fe =i *e[o,k] 

The Borel er-algebra of (C([0, oo); AI), p) will be denoted by S3. It is well-known, see 
[17l Lemma 16.1], that 28 = c(x(s) : s > 0). Here, in slight abuse of notation, we 
have identified x(s) with the M- valued random variable x i-4 x(s). We shall do so 
in what follows without further notice. The filtration generated by these coordinate 
mappings is denoted by B := (2§ t )t>o, i.e. 88 t '■= CT ( X ( S ) ■ < s <t). 

We now recall the following definition, cf. Section 4.3]. 
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Definition 4.1. Let if C B b (M) x B b (M). A measure P G P(C([0, oo); M)) is 
said to solve the martingale problem for if, if for all (/, g) G if, the process M-^' 9 , 
defined by 

[M'*(x)](t) :=/(x(t))- f g{*{s))ds 

Jo 

is a B-martingale under P. Given a measure /j, G P(A1), we say that P solves 
the martingale problem for (if, /z) if P solves the martingale problem for if and 
P(x(0) G •) = »(■). 

We say that uniqueness in law holds for the martingale problem for if, if for all 
/i G P(M) whenever Pi and P2 are solutions to the martingale problem for (if 
then Pi = P 2 . 

We say that the martingale problem for if is well-posed if for every x G M 
there exists a unique solution P x G P(C([0, 00); M) of the martingale problem for 

(i?,<y. 

We will also have occasion to consider sets if which do not necessarily consist 
of bounded functions. Given a subset if C C(M) x B(M), we say if is admissible 
if for all (/, g) G if the function <? is bounded on compact subsets of M. Note that 
if if is admissible, then M-^ 9 is well-defined for all (/, g) G if. 

A measure P solves the local martingale problem for if if M-^ 9 is a local B- 
martingale under P for all (/, g) G if. The terms 'uniqueness in law' and 'well- 
posedness' will also be used for local martingale problems with the obvious meaning. 



The basic link between strong Feller semigroups and martingale problems is the 
following result. 

Theorem 4.2. Suppose that if is the full generator of the strong Feller semigroup 
3? . IfP solves the martingale problem for if, then for f G B b {M) we have 

(4.1) E P [/(x(t + *))|# a ] = ^(f)/(x(«)) P-a.s. 

Proof. This result was proved in [9l Theorem 4.4.1] under the more restrictive as- 
sumption that there exists a closed subspace L of Bf,{E) which is in some sense 
'large enough' such that L is invariant under & and &\\, is a strongly continuous 
contraction semigroup. 

We would like to use this result with L = C b {M), but, in general, SF\c b (M) is n °t 
strongly continuous. However, inspecting the proof in [5], we see that all that was 
used about ^|l in the proof was that the domain of the generator is (sequentially) 
I! • lloo-dense in L and that the Post-Widder inversion formula 



&(t)f = || ■ Hoc - lim 



n— >oo 



~r(~, 



t \t 



f 



holds for / G L. 

Since £?\c b (M) is o-continuous at 0, it follows, cf. [T2], that both properties are 
true with the || • ||oo-topology replaced with the cr-topology. The reader may check 
that the proof of [9j Theorem 4.4.1] still works under these weaker assumptions. □ 



As a consequence of Theorem l4.21 we obtain uniqueness in law for the martingale 
problem for if, cf. [9l Theorem 4.4.2]. We note that if the martingale problem for 
if is well-posed, then 3T is Markovian, which follows easily from equation (|4.ip . 

By Theorem 14.21 to prove uniqueness in law for equation [A, F, G], it suffices to 
prove that the law of any solution of [A, F, G) solves the martingale problem for 
ifou + B. In fact, the following lemma shows that it suffices to consider a core for 
if ou + B. 
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Lemma 4.3. Let 5? C B b (M) x B b (M). If P E V{C([0,oo);M)) solves the mar- 
tingale problem for Jzf , then P solves the martingale problem for if 

Proof. P solves the martingale problem for if if and only if 

U(x)(/(x(t)) - /(x(s)) - J 5 (x(r))dr)dP(x) = 

for all < s < t, A 6 38 s and (/, g) G if. Now fix s, t and A. 

Define the measure P A by P A (B) := P(£> n A) and let /x* be the distribution of 
x(t) under P A . Then the above equation is equivalent to 

(/, Mt) ~ (/, Ms) ~ J {9, Mr) = 

for all (/, g) S if. We note that the function r n- /i r is £>f,(£?)-integrable on (s, t). To 
see this, note that for h £ C b {E) the function r 1— > (h, /i r ) is continuous, which is easy 
to see by dominated convergence using that x is continuous. By a monotone class 
argument, it follows that r ^ (h,fi r ) is measurable for all h E Bb(E). This shows 
that r H> fi r is scalarly i?;,(£ , )-measurable. Since ||/x r ||TV < 1 for all r, it follows 
that r h> p r is £>b (i?)-integrable on (s,t), i.e. there exists a measure il(fi-) 6 .M(-E) 
such that J* {h, fi r ) dr = (h,ll(fi.)} for all h <E B b {E). Consequently, the above 
equation is equivalent to 

(f,fh)-(f,ii.)-{g,it(ii.)) = o 

for all (/, g) 6 if. Clearly, this equation is also satisfied for (/, g) e if CTXcr . Since 
< s < t and A G ^ s were arbitrary, it follow that P solves the martingale problem 
for^ XCT . □ 

4.2. Uniqueness in law. We now return to our study of equation [A, F, G}. 

A mild martingale solution of equation [A, F, G] is a tuple ((57, S, P), F, X, Wh), 
where (Q, £,P) is a probability space, endowed with the filtration F, Wh is an H- 
cylindrical Wiener process with respect to F and X is a continuous, progressive, 
I?-valued process such that P-a.s. 

X(t)=X(0)+ [ S(t-s)F(X(s))ds+ [ S(t-s)GdW H (s) 
Jo Jo 

for all t > 0. For the definition of the stochastic integral and a characterization of 

stochastic integrability we refer to [35] . 

Let us recall the definition of the associated local martingale problem from [20] : 
We denote by @(A, C 2 ) the vector space of all functions / : E M of the form 

f(x) = if}((x,xl),...,(x,xD) 

where n £ N,ip £ C 2 (M") and x\,...,x* n £ D{A*). Note that A denotes the 
generator of the semigroup on E so that A* is the weak*-generator of the adjoint 
semigroup on E* . In particular, D(A*) C E* . 
For f = i>{(-,xt},..., (•,<)) e ^(A,C 2 ) we put 

:= £ as;), ... , <z, <)) • [(x, A*x%) + (F(x), x* k )] 

k—1 

+ [G*xh G*xt} H g-^-({x, xt),...,{x, <)) . 

k,l=l k 1 

We define J£[a,f,g] : = {(f>L[A,F,G]f) '■ f £ 2#(A,C 2 )} and denote the part of 

■&[A,F,G] m B b (E) by ^C[A,F,G]- 
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Under the assumption that S(t) maps E to E such that J Q \\S(t)\\"^.^ ^ dt < oo 

for all T > 0, i.e. (11.31) holds, it was proved in [20], that there is a one-to-one 
correspondence between mild martingale solutions of [A, F, G] and solutions of the 
local martingale problem for ^[a,f,g]- More precisely, if X is a mild martingale 
solution of [A, F, G], then its distribution Px solves the local martingale problem 
for J£[a,f,g\- Conversely, if P solves the local martingale problem for ^£\a,f,g\i then 
there exists a mild martingale solution of [A, F, G] with distribution P. 

In view of this equivalence, we will say that equation [A, F, G] is well-posed resp. 
uniqueness in law holds for equation [A, F, G] if the local martingale problem for 
J£\a,f,g] is well-posed resp. uniqueness in law holds for the local martingale problem 
for 5f[A,F,G]- 

By [20j Theorem 3.8], if [A, F, G] is well-posed, then all mild martingale solutions 
of equation [A, F, G] are Markov processes with a common transition semigroup ST . 
Moreover, for every /i 6 V(E\ there exists a mild martingale solution of [A, F, G] 
with initial distribution fi; the distribution of this solution is uniquely determined 
by [i and the coefficients A, F and G. 

Remark 4.4. It should be noted that if equation [A, 0, G] is well-posed, then there 
exists a corresponding Ornstein-Uhlenbeck process with continuous paths in E. Not 
every Ornstein-Uhlenbeck processes has a modification with continuous paths, see 
[It]] for an example with unbounded G, i.e. E ^ E. In the case where E = E, 
it seems to be an open question whether an E- valued Ornstein-Uhlenbeck process 
has a continuous modification. However, to the best of our knowledge, there is no 
example known of an Ornstein-Uhlenbeck process which does not have a continuous 
modification but has a transition semigroup which is strongly Feller. 

We now prove that for bounded F the only possible transition semigroup for 
equation [A, F, G] is the one generated by Jzf OL1 + B. 

Theorem 4.5. Under the assumptions of Theorem ] 1. 11 uniqueness in law holds for 
equation [A, F, G] . Furthermore, in case of well-posedness, its transition semigroup 
is generated by Jz? ou + B. 

Proof. In view of Theorem 14.21 it suffices to prove that a solution of the local 
martingale problem for J£[a,f,g] solves the martingale problem for Jzf ou + B. 

Let P be a solution of the local martingale problem for J£[a,f,g] an d (/, .9) £ 
^\A,F,G}- Since (/, g) £ ^\a,f,g]i the process M/' 9 is a local B-martingale under 
P. By the boundedncss of / and g, an approximation argument shows that under 
P, the process M-^ 9 is actually a B-martingale. Hence, P solves the martingale 
problem for J£\a,f,g]- An easy computation shows that ^£[a,f,g\ — ^{a$.g\ + B, 
where B is defined by Q3.5p . Standard arguments, see [H| Theorem 6.6], [13j Lemma 
2.6], show that the domain of -S?[a,o,G] is invariant under £? ou and /?o(£')-dense in 
Cb(E), hence cr-dense in Bt(E). Thus, by Proposition 12. 3[ J^[a.o,g] 1S a core I0r 
V 

We claim that ^£\a$, g] + B is a core for «5f ou + B. 

To see this, let (/,<?) G Jz? ou + B. Then (f,g — Bf) e ^f ou . Since Jz?[a,o,G] is a core 
for Jz? ou , there is a net (w Q , v a ) 6 ^[a.o,g] such that u a f and v a — 1 g := g — Bf. 
Note that for every a we have (u a , v a + Bu a ) s S^[a.o,g] + B. Furthermore, 

Bu a = B^ ou (X)(Xu Q - v a ) ~- B^ ou (X)(Xf -g) = Bf , 

since B£% ou (X) is er-continuous. Hence, v a + Bu a g — Bf + Bf = g. Since 
u a converges to / with respect to a, we have proved that (/, g) belongs to the 
a x CT-closure of ^[a,o,G] 

+ B. 

By Lemma 1473] P is a solution to the martingale problem for Jzf ou + B. □ 
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4.3. Existence of solutions. We are nearly ready to finish the proof of Theo- 
rem [TTTJ It remains to prove the existence of solutions to equation [A,F,G]. The 
following Theorem is the crucial ingredient to finish the proof. 

Theorem 4.6. Under the assumptions of Theorem ] l.ll let F n be a bounded sequence 
that converges pointwise to F such that [A, F n , G] is well-posed for all n e N. Then 
[A, F, G] is well-posed. 

Proof. We denote by 3P n the transition semigroup of [A,F n ,G] and by & the 
semigroup generated by Jzf ou + B. Note that by Theorem 14. 5 1 the full generator of 
3? n is Jzf ou + B n , where B n is defined by (I3.5[) with F replaced with F n . 
We proceed in several steps. 

Step 1 - We prove that for A > large enough (A — Jz? ou — B n )~ 1 f converges to 
(X - ^f ou - B)- 1 f with respect to fa{E) for all / e B b (E). 
We again put ip(t) := \\S(t)\\^^ EHQt y Let us first note that 

\B n .% u (t)f(x) - B% u {t)f{x)\ = f f(S(t)x + z)0% )Fn(x) „ s{t)F{x) dn t {z 

J E 

< ||/(S'(t)x + -)||L=(p t )ll < ? !, S(i)(F n (x)-F(x))IU 2 (M t ) 

< <p(t)\\f(S(t)x + -)\\^)\\F n (x) - F(x)\\ E , 

where we have used that cjft 1 is an isometry from HQ t to L 2 (fi t ) in the last step. 
Hence, by (13.61) . 

\[B n M ou {\)-BM ou {\)]{x)\ < ||/|| 00 [e A V(e)+ f e" A V(*) dt] ■ \\F n (x) -F(x)\\ -> 

L Jo J 

as n — ¥ oo, by dominated convergence. 
Next note that 

\(B n M ou (X)) 2 f(x)-(B<% ou {X)) 2 f(x)\ < \B n <% ou (X)[B n <% ou (\)f - BM ou (\)f]{x)\ 
+ | [B n ^ ou (X) - B@ ou (X)]B<% ou (X)f(x)\ 

where the last term converges to as n — ¥ oo by the above. Let us put g n := 
B n ffl ou (\)f and g := B^ oll (X)f, so that g n g. Let C := sup„ H-FnlU- Arguing 
similar as above, we see that 

\B n @ ou {X){g n - g){x)\ < e-^C\\g n (S(e)x + ■) - g(S(e)x + OIU^) 

+ C [ e- xt <p(t)\\g n (S(t)x + ■) - g(S(t)x + -)\\ L 2^ t) dt 
Jo 

which converges to as n — > oo by dominated convergence. 

Iterating, it follows that [B n 2$ ou (X)] k f -± [B& ou {X)] k f for all k £ N. Now 
we pick A large enough so that ||-B„^ ou (A)|| < c < 1 for all n G N. Since (I — 
Bn&ouiX))' 1 = J2'k=oiBn3$'ou(X)] k , where the series converges in operator norm, 
we see that (7 - B n @ ou {X))- x f (I - B^ ou (X))-\f for all / e B b (E). 

It follows that 

(A - jSf ou - B^f = & m {\){I - BA(A)r7 - (A - 5e ou - BY x f. 

In fact, since ^ u(A) is ultra-Feller, cf. (30] Proposition 1.5.12], it follows that the 
convergence is with respect to @q(E). To simplify notation, we write M n (X) := 
(A - ££ QU - B^- 1 and ^oo(A) := (A - «5f ou - B)- 1 for the rest of this proof. 

Step 2 - We construct solutions of the martingale problem for Jzf ou + B. 
Fix x € E and let P ra be a solution of the local martingale problem for £?\A,F n ,G\ 
with initial distribution 5 X . 



18 



MARKUS C. KUNZE 



By [3D], there exists a mild martingale solution ((f2 n , £ n ,P n ),F n , X„, W3) of 
equation [A,F n ,G] with distribution P„. Note that we have 

X n (t) = S(t)x + [ S(t-s)F n (X n (s))ds+ f S(t-s)GdW£{s) 
Jo Jo 

P„-almost surely for all t > 0. Since S is immediately compact, the map <p n> [t <-> 

f*S(t - s)<p{s)ds] is compact as an operator from L°°((Q, T); E) to C([0, T];E), 

see [HI Proposition 1]. By the uniform boundedness of F n , the paths of F n (X n (-)) 

belong to a bounded subset of L°°(0,T; E) almost surely for all n. Hence, there 

is a compact subset of C([0,T]; E) such that for all n G N we have Y„ := 

J Q S(- - s)F n (X n (s)) ds G tf T , P„-almost surely. 

Since equation [A, 0,G] is well-posed, the distribution Q of X n — Y„ =: Z n 

is independent of n, it is the distribution of the solution of [A, 0, G] starting at 

x. Hence, given e > 0, there exists a compact set J^r,e C C([0, T];E) such that 

P„(zk°' T] g Jf T ,e) = Q(x| [0) T] G ^r, E ) > 1 - e for all n G N. 
Note that the set ^ + ^t,e 1S compact. Furthermore, 

Pk°' T1 ((^T + .Xt,sY) = Pn(X(t) ^ + ^t, £ for some* G [0,T]) < + e . 

This proves that the restrictions P„ ' of P„ to C([0, T] ; E) are tight. Since T was 
arbitrary, the measures P„ are tight, see [TT1 Proposition 16.6]. 

Passing to a subsequence, we may assume that P„ converges weakly to a measure 
P. We claim that P solves the martingale problem for Jz? ou + B. 

To prove this, we proceed as in J20J Lemma 3.9]. Fix < r\ < r 2 < ■ ■ ■ < rk < 
s < t, functions hi, ... , hf. G Cb{E) and / G Bb(E) and define for n G N U {oo} the 
function $„ G C b (C([0, oo); £)) by 

t 

<f„(x) := f^„(A)/(x(*))-^„(A)/(x( S ))- / [A^(A)/-/](x(r))drl ^(xfo)) , 

where A > is chosen such that M n {X)f — > ^oo(A)/ with respect to 0q(E) for all 
/ G B h {E). This is possible by Step 1. 

We claim that 4> ra — > $oo with respect to /3o(C([0, oo); i?)). To see this, first note 
that by the uniform boundedness of the F n , there exist constants C\ and C2 such 
that ||<S?„(A)|| < C 2 and ||A^„(A)|| < C 2 . Putting C* 3 := rij=i IIM°°> it follows 
that $„(x) < (2Ci + (i- s)C 2 )C 3 for all x G C([0, 00); E), i.e. $„ is uniformly 
bounded. Hence, to prove the /?o(C([0, 00); i?))-convergence, it suffices to prove 
uniform convergence on the compact subsets of C([0, 00); E). 

Let ^ be a compact subset of C([0, 00); E). By the Arzela-Ascoli theorem, there 
exists a compact subset K oi E such that x(r) G K for all < r < t, whenever x G 
% '. By Step 1, given e > we may choose n such that \& n (\)f(x)—& 00 (\)f(x)\ < e 
for all x G if and n > ri . Hence, for n > n and x G , 

|$„(x) - $oo(x)| < C 3 (2e + (t- s)Xe) . 

This proves that $„ — > <£>, uniformly on 

Since P„ converges weakly to P, the sequence P„ is tight, whence p('I') := 
sup„ J \iff\dP n is a /?o(C([0, 00); £'))-continuous seminorm. It follows that 

|($ oc ,P)-($„,P„)| < |($ 00 ,P-P„)|+p($„-$ 00 ) -+0 

as n — > 00. Thus ($oo,P) = lim^oo ($ n ,P„) = 0, since P„ solves the martingale 
problem for Jf ou + B„. 

Since the functions hj and the points rj , as well as the number k were arbitrary, 
it follows that M^^^S '' x ®°°Wf-f i s a martingale under P. Noting that 

{(^ 00 (A)/,A^ 00 (A)/-/) : / G B b (E)} = jSf ou + B , 
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it follows that P solves the martingale problem for «Sf ou + B. 

Step 3 - P solves the local martingale problem for J£\a,f,g}- 

Note that this step finishes the proof since ieE was arbitrary. By [^Hl Lemma 

3.7], it suffices to prove that ~M.f> L \A,F,a]f j s a local martingale under P for all / of 

the form / = ip((-, x*)), where V G C C °°(R) and x* £ D(A*). 

Let such ip and x* be given and put, similarly as in [131 Proof of Theorem 4.5], 

/„(*) := ^nR(n,A*)x*)) 
\ + {x,R{n,A*)x*f 
Elementary computations and estimates show that 

(1) fn G Dfi^u + B) and /„-!•/ pointwise. 

(2) g n :— i[A,F,G]/n is uniformly bounded on bounded sets and converges point- 
wise to g := L[a,f, G]f ■ 

Since P solves the martingale problem for Jz? ou + B, it follows that for every n £ N 
the process M^™' ff ™ is a martingale under P. Fix N £ N and let ttv(x) :— inf{i > 
: ll x MII > N}. By optional sampling, also the stopped process M^™' ff " is a 
martingale under P. 

Similar as in Step 2, fix < T\ < r% < ■ • ■ < < s, t and functions hi, ■ ■ ■ , hf. £ 
C b {E). We define 

r ( l i k 

$„(x) := f n (x(t A tat) - f n (x(s A t n )) - / l [0 . Tjv] (r) 5 „(x(r)) dr\ J[ hj( rj ) , 

and <f> similarly, replacing /„ with / and g n with g. By the above, $„ is uniformly 
bounded and converges pointwise to $. Hence, by dominated convergence, 

$ dP = lim / $„ dP = . 

It follows that is a martingale under P. Since tn t 00 almost surely, M^' s is 

a local martingale under P. This finishes the proof. □ 

We are now ready to finish the proof of Theorem 11.11 

Proof of Theorem \1.1[ As a consequence of Theorem 14.51 uniqueness in law holds 
for equation [A, F, G], for every bounded, measurable F. Moreover, if [A, F, G] is 
well-posed, then the associated transition semigroup is generated by ^f u + B. This 
semigroup is strongly Feller by Theorem 13. 31 That it is irreducible follows from the 
irrcducibility of £? ou as in [4j Proposition 4]. It remains to prove existence of mild 
martingale solutions for equation [A, F, G\. 

First consider the situation where F is a bounded Lipschitz continuous function. 
We fix a probability space (f2, E,P) on which for every x £ E a solution Xjj of 
equation [A, 0, G] with initial datum x exists. For p £ (1, oo) and T > 0, we define 
A x :D>(n;C([0,T};E))^D>(n;C([0,T};E))by 

[A x (<t>)](t,uj) :=X x (t,oj)+ f S(t-s)F(<t>(s,u))ds. 

Jo 

It is easy to see that A x is Lipschitz continuous on L p (fl; C([0, T]; E)) with Lipschitz 
constant L(T) independent of x and L(T) — > as T — > 0. Standard arguments show 
that A x has a unique fixed-point in L P (Q; C([0, T];E)) for all T > 0. Clearly, this 
solution solves equation [A, F,G] on the time-interval [0,T]. By uniqueness in law, 
these solutions can be glued together to a solution defined for all positive times. 

Now let be the bp-closure, cf. [H Section 3.4], of L\p b (E, E), i.e. the smallest 
subset of Bb(E,E) which contains L\p b (E,E) and if F n is a bounded sequence in 
which converges pointwise to F £ Bb(E, E), then also F £ M '. 
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By Theorem 14. 61 the set of F such that [A, F, G] is well-posed is bp-closed and, 
by the above, contains L\p b (E, E). Hence, [A, F, G] is well-posed for every F 6 . 

For ip G Lipb^R) and x £ E, we have F = ® x G Lip 6 (S,£') C Jf. By 
Proposition 3.4.2], -0 ® x G for every ^ G Bb(E). Since is a subspace, cf. 
[9j Lemma 4.1], any simple function belongs to JF. But then also any bounded, 
measurable function F belongs to J%?. Hence, [A, F, G] is well-posed for every 
bounded, measurable function F. □ 



Given a Markovian transition semigroup £? on Bb(E), a probability measure /i 
is called an invariant measure for £? if 



By Doob's theorem [8j Theorem 4.2.1], if i/* is strongly Feller and irreducible, then 
there is at most one invariant measure for Moreover, if there is an invariant 
measure /i for then it is strongly mixing and ^(t)f converges pointwise to 



It was proved in 29, Proposition 4.5], that if [A,0, G] is well-posed and S is 
uniformly exponentially stable, then there exists an invariant measure for the asso- 
ciated transition semigroup. Conversely, under the Hypothesis of Theorem 11.11 if 
there exists an invariant measure for the transition semigroup associated to [A, 0, G], 
then S is uniformly exponentially stable, see [25j Theorem 5.4]. Thus, in the situa- 
tion of Theorem ll.il <% u has a (necessarily unique) invariant measure if and only if 
S is uniformly exponentially stable. 

Theorem 5.1. Assume the Hypothesis of Theorem \l.l\ If there exists an invariant 
measure /i^ for <% u , then there exists a unique invariant measure (i for 

Proof Let x G E and ((fi, S, P), F, X, W H ) be a mild solution of equation [A, F, G] 
with initial datum x, i.e. P-almost surely 



for all t > 0. Put Z(t) := S{t)x + /* S(t - s)GdW H {t) and Y(t) := X(t) - Z{t). 
Then Z is an Ornstcin-Uhlenbeck process with transition semigroup £? ou . Since 
■% u is strongly Feller and irreducible the laws ^z{t) 01 Z(t) converge weakly to the 
invariant measure [loo as t — > oo. It follows that the set {fJ>z(t) '■ t > 1} is tight. 
Consequently, given e > 0, there exists a compact set K £ such that P(Z(t) ^ K s ) < e 
for all t > 1. 

Concerning Y, we note that P-almost surely 



for alH > £ > 0. 

Since F is bounded and S is uniformly exponentially stable, it is easy to see that 
there is a bounded set B e such that 



5. Asymptotic behavior 





J B fdft&a all / G Bb(E), 
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Since S(e) is compact, the set L e :— S(e)B e is relatively compact. We next note 
that for £ < 1 we have 

S(r)F(X(t-r))dr <e sup ||S(r)|| • I^IU =: C y e 

0<r<l 

Now put S e := {x : d{x,L £ ) < Cis} and L := nL>i^n -1 ' Then, almost surely, 
Y(t) G L for all t > 1. Note that L is closed and totally bounded. Consequently, L 
is compact. 

It now follows that 

P(X(t) £K £ + L)< P(Z(i) fl K e ) + P{Y(t) # L) < e + 

for all t > 1. Hence the laws {l^x(t) : i > 1} arc tight. Thus, by the Krylov- 
Bogoliubov theorem, there exists an invariant measure /i for . Since & is strongly 
Feller and irreducible, /x is the unique invariant measure for 2? . □ 

6. Examples 

6.1. The finite dimensional case. Let us first consider the case where both E = 
E and H are infinite dimensional, say E = M. m ,H = M. n . In this case, A and G 
are matrices, A 6 R mxm ,G G M mx ". Recalling that S(t) e 5f(E,H t ) for alU > 
implies that H t is dense in E, we see that S(t) G J*C(E, H t ) if and only if H t = M. m , 
i.e. iff Qt is invertible. It is well known that this is the case if and only if the Kalman 
rank condition is satisfied, i.e. the m x nm matrix 

[G, AG, . . . , A m ~ 1 G] 

has full rank m. 

How about our second condition, that 115(^)11 sf(E,H t ) is locally integrable? As it 

turns out, in finite dimensions this condition is satisfied, if and only if the range of 

_ i 

G is R m . To see this, let us first note that ||x||jj Qt = \\Q t 2 x\\. Define 



k 



min jj G {0, . . . , m — 1} : rank[G, . . . , A^G] — m| . 



It was proved in [231 Lemma 3.1] that \\Q t 2 1| = 0(t k 2) as t — » 0. Hence our 
condition is satisfied if and only if k = 0, i.e. we have full noise. 

6.2. Stochastic partial differential equations. Let O be a bounded, open do- 
main in IR'' with Lipschitz boundary. For 1 < p < 00, we let A v be the -^(de- 
realization of the uniformly elliptic differential operator 

- ^ "'■><),■,<);■, ^ "'^.r, 

l,j=l ■> j = \ J 

with domain D{A p ) = W 2 *{0) n W^ p {0), i.e. we require Dirichlet Boundary 
conditions. We assume that the coefficients ay = aji belong to C (O) for some 
8 > and that the functions bj are bounded and measurable. 

It is well-known that under these assumptions — A p generates a uniformly ex- 
ponentially stable, analytic, strongly continuous semigroup S p on L p {0). More- 
over, these semigroups are consistent, i.e. S p (t)f = S q (t)f for all t > whenever 
/ G L p (0) n L q ((D). 

Since S p is uniformly exponentially stable and analytic, the fractional powers 
A p a , their inverses A p and the fractional domain spaces D(A p ) are well-defined for 
ae (0,1). We put A° p := I LP[0 y 

Embedding fractional domain spaces into complex interpolation spaces, we see 
that D(A%) continuously embeds into W 2a ~ e > p (0) for all e > 0. 

We put E = E := L p {0) and H = L 2 (0). Thus W H is a cylindrical Wiener 
process on L 2 (0). In order to inject the noise into E, we use a fractional power 
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A^ a . If p < 2, then L 2 {0) C L p (0), so that we may put G = A^ a for any a > 0. 
If p > 0, we need to choose a large enough so that -D^!?) embeds into L p (0). By 
Sobolev embedding, this is the case whenever a > (4p)^ 1 (dp — 2d). 

We now consider equation [— A p , 0, A^"]. Then the smaller a becomes, the more 
noise is injected into the equation, the border case a = corresponds to the sto- 
chastic equation with space-time white noise. Thus, as a gets smaller it gets "more 
unlikely" that the equation is well-posed. On the other hand, as a gets smaller, it 
is gets "more likely" that the strong Feller property is satisfied. 

The values for a for which the equation is well posed and the strong Feller 
property holds depends on both p and the dimension d. The following Proposition 
collects the results. 

Proposition 6.1. Let p G (l,oo). Under the assumptions and with the notation 
above, assume that max{0, | — | + s, dp ^ p 2d + e} < a < 1 for some e > 0. 

(1) Equation [— A pi 0, A^ a ] is well-posed. 

(2) // in addition a + max{0, 2d ^ dp } < \, then we have S p (t) G J??(E, HQ t ) 
with \\Sp(t)\\sf(E,n Qt ) < <f(t) for allt> for some <p G £^([0,00). 

Proof. (1) The proof relies on results about stochastic integration in Banach spaces 
and 7-radonifying operators in 28! , to which we refer also for the definition of 
7-radonifying operators. We give a sketch of the proof. 

By [28, Theorem 7.1], we need to prove that 1 i— > S p (t)A2~ a represents an element 
of -f{L 2 {0,T;H),E) for some T > 0. Since a > \ - §, we may pick /? G [0, \) 
such that a + /3 > f . In this case, the embedding j : H 2< - a+ ^(0) -> D>{G) is 
7-radonifying, see [27J Corollary 2.2]. By consistency, we may write S^i)^" = 
S p (t)A^jA2 < ' a+ ^\ where we consider A^ as an operator from E to the extrapolation 
space E_p. 

By [22 Lemma 4.1], the set {t^ +5 S p (t) : t G (0,T]} C ^(E- ,E) is 7-bounded 
with 7-bound of order 0{T S ) as T -> 0. Since t i-» t~^ +s) 'jA^ (a+/3) represents 
an element of 7(L 2 (0, T; H), E), a multiplier result in [18], see also [27j Lemma 
2.9], proves that S^-)^" represents an element of 7(L 2 (0, T; H), E). Moreover, 
its norm is of order 0(T S ) as e —> 0. Hence, by [23], the stochastic convolution 
j Q S(- — s)A2 a dWH(s) has a continuous modification. It follows that [— A p , 0, A^ a ] 
has a unique mild martingale solution for any initial value. 

(2) For / e L p (0), we have 

S p (t)f = i / S p (t)fds= [ S p (t-s)±S p (s)fds 
1 Jo Jo t 

= ( S p {t-s)A^ a -A^S p {s)fds 
Jo 1 

In the language of control theory, Uf := t~ 1 A p S p (-)f is a control for reaching S p (t)f 
at time t. Thus, by the results of [2(5], if Uf is an element of L 2 (0, t; L 2 (<D)), then 
S(t)f G ff Qt and ||S(t)/||if Q( < |k/|U=(o,t;i=(o))- 

If p > 2, then, since a < ±, we have it/ G L 2 (0, i; L p (0)) C i 2 (0, i; L 2 (C)). 
Otherwise, by the additional assumption, we may pick (3 > such that a J rji<\ 
and D{AP) continuously embeds into L 2 (0). We obtain 

hf\\l H0>t]H) = t- 2 J \\A;s( s )f\\ 2 L2io) ds < r 2 j \\J%S(, 8 )ff Dm ds 

< t- 2 f \\A a p ^S p (s)f\\ LP(0) ds < r 2 f s- 2 ^ ds\\f\\ LP(0) 
Jo Jo 

~ * \\}\\LP(0)- 
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Hence, \\S(t)\\^( EHQ ) < i 2 ( a+ ^ and, since a + (3 < |, the latter belongs to 

6.3. 1-dimensional equation with space-time white noise. We now look in 
more detail to the stochastic partial differential equation from the previous section 
in one space dimension with space-time white noise, which is of great importance 
in applications. For convenience, we set O — (0, 1). 

Thus, our stochastic partial differential equation takes the form 

" %(t,x) = a(x)^(t,x) + b(x)^(t,x) + c(x) + ^(t,x) 

for t > 0, x e (0, 1) 
u{t,x) = for t>0,a;G{0, 1} 
u(0,x) = uq(x) for x € (0, 1), 

where w is a space-time white noise. 

The results of the previous subsection for a — and d = 1 show that for 
p G (1)2) this equation is well posed on L P (0,1) and the corresponding transi- 
tion semigroup satisfies the Hypothesis of Theorem 11.11 For p > 2, we may put 
E = L 2 (0,1). Note that ||S(f)||j* (£W ),jP»(o,i)) < ^ B G for # < i 

Hence, given p > 2, picking 6* close enough to \ it follows from Sobolev embedding 
that HS'WII^jj B ) G £f oc (0, oo) hence (|1.3p is satisfied in this case. Since L p (0, 1) is 
continuously embedded into L 2 (0, 1), estimate (jl.2p follows from the corresponding 
estimate on L 2 (0, 1). The well-posedness of the equation on L p (0, 1) follows with 
similar arguments as above, we leave the details to the reader. 

It is also possible to consider the equation on the state space E = Co (0,1) 
of continuous functions vanishing at the boundary. Indeed, first considering the 
equation on L p (0, 1), the factorization method, cf. |27J Corollary 4.4] for the Banach 
space situation, yields that for u G D{A e p ) the solution of the equation has a 
modification with continuous paths in D(A^) for r) < ^. On the other hand, since 
D{Af) W^ p (0,l), the Sobolev embedding yields D(A%) G C (0,1) whenever 
2i] > |. Consequently, for rj G (5^,5) the equation is well-posed on Co (0,1) for 
initial values uq G D(A p ). With standard arguments, this can be extended to initial 
values in Co(0, 1), hence the equation is well-posed on Cq(0, 1). Note that 

H 5 Wllj2f(£,.E) ^ ll 5 '(i/ 2 )ll^(L 2 (0,l),LP(0,l))ll 5 '(*/ 2 )ll^(L 2 (0,l),n( J 4»)) <t~ (e+? ' ) . 

Thus, by picking p large enough, we can pick 9 and rj such that 9 + 77 < |, i.e. such 
that (|1.3|) is satisfied. 

Moreover, since (|1.2p is satisfied on L P (Q, 1), it follows as above that (|1.2p is 
satisfied on Co(0, 1) C L p (0, 1). Consequently, the assumptions of Theorem ll.il are 
satisfied and our results yield 

Theorem 6.2. Let a G C 5 ([0, 1]) for some S > 0,b,cE L°°(0, 1) <mdF : C (0, 1) ->■ 
Co (0,1) 6e bounded and measurable. Then the equation 

%(t,x) = a(x)^(t,x) + b(x)^(t,x)+c(x)+[F(u(t))](x) + ^(t,x) 

for t>0,x£(0,l) 
u(t,x) = for O0,ie{0,l} 
u(0,x) — uq(x) for x £ (0,1), 

Is well-posed on E = Co(0, 1). Moreover, the corresponding transition semigroup is 
strongly Feller and irreducible and admits a unique invariant measure. 
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